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COUPLED VORTEX EQUATIONS AND MODULI: DEFORMATION
THEORETIC APPROACH AND KA¨HLER GEOMETRY
INDRANIL BISWAS AND GEORG SCHUMACHER
Abstract. We investigate differential geometric aspects of moduli spaces parametriz-
ing solutions of coupled vortex equations over a compact Ka¨hler manifold X . These
solutions are known to be related to polystable triples via a Kobayashi–Hitchin type
correspondence. Using a characterization of infinitesimal deformations in terms of the
cohomology of a certain elliptic double complex, we construct a Hermitian structure
on these moduli spaces. This Hermitian structure is proved to be Ka¨hler. The proof
involves establishing a fiber integral formula for the Hermitian form. We compute the
curvature tensor of this Ka¨hler form. When X is a Riemann surface, the holomorphic
bisectional curvature turns out to be semi–positive. It is shown that in the case where X
is a smooth complex projective variety, the Ka¨hler form is the Chern form of a Quillen
metric on a certain determinant line bundle.
1. Introduction
A holomorphic vector bundle together with a holomorphic section of it will be called
a pair. More generally, a pair of holomorphic vector bundles on a compact Ka¨hler man-
ifold together with a holomorphic homomorphism between them will be called a triple.
Pairs and triples have been investigated extensively by Bradlow and Garc´ıa-Prada (they
introduced these objects) and others [A-G, Br1, Br2, Ga1, Ga2, B-D-G-W, B-G, B-G-G].
The notion of stability of a usual vector bundle generalizes to the context of triples;
the definition of a stable triple is recalled in Section 4.1. The stable pairs are related, by
a Kobayashi–Hitchin type correspondence, to the solutions of vortex equation, and the
stable triples are known to be related to the solutions of the coupled vortex equations.
The coupled vortex equations are recalled in Section 4.1, and the Kobayashi–Hitchin cor-
respondence between the stable triples and the solutions of the coupled vortex equations
is recalled in Section 4.2.
Fix a compact Ka¨hler manifold X equipped with a Ka¨hler form ω. Take a triple
(E1, E2, φ) over X , where E1 and E2 are holomorphic vector bundles over X and
φ : E2 −→ E1
is a holomorphic homomorphism of vector bundles. Associated to this triple we have a
complex of OX–modules
C• : 0 −→ C0 := EndOX (E1)⊕EndOX (E2) ∆−→ C1 := HomOX (E2, E1) −→ 0 ,
with
∆(ψ1, ψ2) = ψ1 ◦ φ− φ ◦ ψ2 =: [ψ, φ] ,
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where EndOX (E1)⊕ EndOX (E2) is at the 0–th position. It is easy to see that the space
of all endomorphisms of the triple (E1, E2, φ) coincides with the 0–th hypercohomology
H0(C•). The first hypercohomology H1(C•) parametrizes all infinitesimal deformations of
the triple, while the second hypercohomology contains the obstructions to deformations.
Since the homomorphism φ is holomorphic, it intertwines the Dolbeault resolutions of
E1 and E2. Therefore, we obtain a double complex of C
∞ flabby sheaves which gives
a resolution of C•. Consequently, the cohomologies associated to this double complex
coincide with the hypercohomologies of C•.
Now, if the vector bundles E1 and E2 admit Hermitian structures that give solutions
of the coupled vortex equations for (E1, E2, φ), then the Hermitian metrics on E1 and
E2 and the Ka¨hler form ω together define Hermitian structures on all the terms of the
above mentioned double complex associated to C•. Consequently, we obtain harmonic
representatives of the hypercohomologies of C•.
This immediately induces an L2 metric on the hypercohomologies of C•, in particular,
on the first hypercohomology. Thus the infinitesimal deformations of the triple (E1, E2, φ)
are equipped with a Hermitian structure. This gives us a Hermitian structure on the
moduli space of solutions of the coupled vortex equations. We call this Hermitian structure
on the moduli space the vortex-moduli metric.
We prove the following theorem.
Theorem 1.1. The vortex–moduli Hermitian metric is actually a Ka¨hler metric in the
orbifold sense.
The following theorem is used in our investigation of the vortex–moduli metric.
Theorem 1.2. Let T = (E1 , E2 , φ) be a stable triple over a compact Ka¨hler manifold
(X ,ωX). Let S be a reduced complex space with a base point s0 ∈ S, and let T =
(E1 , E2 ,Φ) be a deformation of T over (S , s0). Let h1 and h2 be Hermitian metrics on
E1 and E2 respectively that solve the coupled vortex equations for T . Then there exists a
neighborhood U of s0 such that the solutions can be extended to the fibers Ts, s ∈ U , in a
C∞ way.
The above theorem says that, in a holomorphic family of stable triples, a solution of the
coupled vortex equations can be extended in a unique way to the neighboring fibers. As
an application of Theorem 1.2, we get the existence of a moduli space of solutions of the
coupled vortex equations on stable triples in the category of (not necessarily Hausdorff)
complex spaces; see Section 4.4.
In Theorem 8.1 we compute the curvature of the vortex–moduli metric.
Theorem 8.1 has the following corollary (see Corollary 8.2):
Corollary 1.3. If X is a Riemann surface, then the holomorphic bisectional curvature
of the vortex–moduli metric is semi–positive.
Under the extra assumption that X is complex projective, we construct a certain holo-
morphic Hermitian line bundle over the moduli space of stable triples whose curvature
coincides with the vortex–moduli form. The line bundle in question is a determinant bun-
dle associated to direct images, and the Hermitian structure is given by a construction
due to Quillen and Bismut–Gillet–Soule´.
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We now give a very brief description of the contents of the individual sections.
In Section 2, we collect basic definitions and notations. In Section 3, deformations of
triples are studied. In Section 4 the coupled vortex equations are investigated, and the
deformation theoretic approach introduced in Section 3 is pursued further. In Section 5
the associated elliptic complex is investigated. In Section 6, the vortex–moduli metric is
constructed. In Section 7 a fiber integral formula for this metric is established, and it is
shown that the vortex–moduli metric is Ka¨hler. In Section 8 we compute the curvature
of the vortex–moduli metric.
2. Basic definitions
Let X be a compact, connected Ka¨hler manifold, of complex dimension n, equipped
with a Ka¨hler form ωX . We will write
ωX =
√−1gαβdzα ∧ dzβ =
√−1
n∑
α,β=1
gαβdz
α ∧ dzβ
with respect to local holomorphic coordinates (z1, . . . , zn), and we will always use the
summation convention. In the sequel, we identify locally free coherent analytic sheaves
on Ka¨hler manifolds with holomorphic vector bundles on them.
We will use the following conventions. The Ka¨hler form ωX gives rise to a connection
on X , which we will, given any complex space S, extend in a flat way (in the direction
of S) to X × S. As above, we will denote by zα, zγ , . . . holomorphic local coordinates
on X together with the conjugates zβ , zδ, . . .. We will denote by si, sk, . . . and s, sℓ, . . .
respectively similar coordinates on S if S is smooth. If S is not smooth, then si, sk, . . . and
s, sℓ, . . . will denote coordinates on an ambient smooth space into which a neighborhood,
of S, of a given base point in S is minimally embedded. We use the semi–colon notation
(;) for covariant derivatives of sections, and also of differential forms or tensors, with
values in the holomorphic Hermitian vector bundles with respect to connections induced
by the Ka¨hler metric on X and the Hermitian connection on the holomorphic Hermitian
vector bundles. Let the Hermitian connection θE on any holomorphic vector bundle E
over X be given locally by matrix–valued (1, 0)–forms {θα}nα=1 with respect to some local
trivialization of E. Let σ be a locally defined section of E, which is a vector–valued
function with respect to the trivialization of E. We use
∂σ
∂zα
= ∂ασ = σ|α ,
and set
σ;α = ∇ασ = σ|α + θα ◦ σ
and
σ;β = σ|β .
Hence
σ;αβ = σ;βα − Rαβ ◦ σ ,
where Rαβ denote the components of the curvature form Ωαβ = θα|β of the connection
θE . For tensors with values in the endomorphism bundle EndOXE, we also have the
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contributions that arise from the Ka¨hler connection on the base. For any differentiable
homomorphism of vector bundles
ψ : E2 −→ E1 ,
where (Ei, hi) are holomorphic Hermitian vector bundles, with curvature tensors R
i
αβ
, we
have
ψ;αβ = ψ;βα − R1αβ ◦ ψ + ψ ◦R2αβ ,
and we will write
(2.1) ψ;αβ = ψ;βα − [Rαβ , ψ]
for short.
3. Deformations
Let E1 and E2 be holomorphic vector bundles, and let
φ : E2 −→ E1
be an OX–linear homomorphism. By definition, an automorphism of the triple
T = (E1 , E2 , φ)
consists of a pair of automorphisms ψ1 and ψ2, of E1 and E2 respectively, such that
φ ◦ ψ2 = ψ1 ◦ φ .
A holomorphic family of such triples over a complex parameter space S consists of a
triple
T = (E1 , E2 ,Φ)
on X × S. For any point s ∈ S, the fiber Ts is just the restriction of (E1, E2,Φ) to
X × {s} ≃ X . Using the notion of a holomorphic family, we can derive the notion of a
deformation of an object T over a space (S, s0) with a distinguished base point s0 ∈ S in
the usual way, which is done by fixing an isomorphism T
∼−→ Ts0 . Isomorphism classes of
deformations of such triples (E1, E2, φ) satisfy the Schlessinger condition [Sc], and semi–
universal deformations exist by the general theory.
Isomorphism classes of infinitesimal deformations of (E1, E2, φ) over the double point
D = C[ε]/ε2 = (C⊕ εC , 0)
with ε2 = 0 can be identified with the equivalence classes of extensions of the homomor-
phism
φ : E2 −→ E1
by itself, i.e., the equivalence classes of diagrams of the following type:
(3.1) 0 // εE2
φ

// E2 //
Φ

E2 //
φ

0
0 // εE1 // E1 // E1 // 0
Here εEj →֒ Ej, j = 1 , 2, refers to the OD–module structure of the Ej (cf. [B-R, B-G-G]).
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In order to describe infinitesimal deformations and infinitesimal automorphisms respec-
tively of such triples (E1, E2, φ), we use the following complex of OX–modules:
(3.2) C• : 0 −→ C0 := EndOX (E1)⊕ EndOX(E2) ∆−→ C1 := HomOX(E2, E1) −→ 0 ,
where
∆(ψ1 , ψ2) = ψ1 ◦ φ− φ ◦ ψ2 =: [ψ , φ] ,
and EndOX (E1) ⊕ EndOX (E2) is in the 0–th position. The hypercohomology of the
complex C• can be computed from the short exact sequence
0 −→ A• −→ C• −→ B• −→ 0 ,
where
A• : 0 −→ 0 −→ HomOX (E2, E1) −→ 0
and
B• : 0 −→ EndOX (E1)⊕EndOX (E2)→ 0 −→ 0 .
So A1 = C1 and B0 = C0. We have a long exact sequence of hypercohomologies
0 −→ H0(C•) −→ H0(X,EndOX (E1)⊕ EndOX (E2)) ∆−→ H0(X,HomOX (E2, E1))
−→ H1(C•) −→ H1(X,EndOX (E1)⊕EndOX (E2)) ∆−→ H1(X,HomOX(E2, E1))
(3.3)
−→ H2(C•) −→ . . .
The hypercohomology groups H0(C•) and H1(C•) parametrize respectively the endomor-
phisms and the infinitesimal deformations of (E1, E2, φ), whereas the obstructions of in-
finitesimal deformations live in H2(C•).
Let
T −→ S
with T = (E1 , E2 ,Φ) be a holomorphic family of triples Ts, s ∈ S, parametrized by S.
Suppose that hi, i = 1 , 2, is a Hermitian metric on Ei such that the restrictions of h1 and
h2 to X×{s} are solutions of the coupled vortex equations; the coupled vortex equations
are recalled in (4.3) and (4.4).
Let Ωi be the curvature form of the Hermitian connection for hi on Ei, i = 1 , 2, over
X × S with curvature tensor Ri. So the contractions
Ωi x
∂
∂sk
coincides with Ri
kβ
dzβ .
4. Stability, coupled vortex equation and Kobayashi–Hitchin
correspondence
4.1. Notions. Let
T = (E1 , E2 , φ)
be a triple. A sub–triple T ′ of T consists of coherent torsionfree subsheaves E ′i ⊂ Ei,
i = 1 , 2, such that φ′ := φ|E ′2 maps E ′2 to E ′1. A sub–triple is called proper if it is not
equal to T .
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For a real number α, the α–degree and α–slope of T are defined as follows:
degα(T ) := deg(E1) + deg(E2) + α · rk(E2)(4.1)
µα(T ) :=
degα(T )
rkE1 + rkE2
.(4.2)
The degree of a coherent analytic sheaf on X is defined in terms of the Ka¨hler metric ωX .
The α–degree and α–slope of a subtriple of T is defined exactly as done in (4.1) and
(4.2) respectively.
Definition 4.1. A triple T = (E1 , E2 , φ) is called α–stable if for any nonzero proper
sub–triple T ′ = (E ′1, E
′
2, φ
′), with rkE ′1 + rkE
′
2 < rkE1 + rkE2, the inequality
µα(T
′) < µα(T )
holds.
If the weaker inequality µα(T
′) ≤ µα(T ) holds for any non–zero proper subtriple, then
T is called α–semistable.
An α–semistable triple is called α–polystable if it is a direct sum of α–stable triples.
Let hi be Hermitian metrics on Ei with curvature forms Ω
i, where i = 1 , 2. Assume
that the ωX–volume of X is normalized to 2π. Denote by ΛX the operator dual to the
exterior multiplication by ωX of differential forms with values in vector bundles.
Definition 4.2. The coupled vortex equations for ((E1, h1), (E2, h2), φ) read as√−1ΛXΩ1 + φφ∗ = τ1 · IdE1(4.3) √−1ΛXΩ2 − φ∗φ = τ2 · IdE2(4.4)
or equivalently
gβαR1
αβ
+ φφ∗ = τ1 · IdE1(4.5)
gβαR2
αβ
− φ∗φ = τ2 · IdE2(4.6)
where τ1 and τ2 are some real numbers.
4.2. Kobayashi–Hitchin correspondence. For any Hermitian metrics h1 and h2 on
E1 and E2 respectively satisfying (4.3) and (4.4), integrating traces of the equations over
X yields
(4.7) degE1 + degE2 = τ1rkE1 + τ2rkE2 .
We recall the Kobayashi–Hitchin correspondence for triples. It states that a triple
T = (E1 , E2 , φ) is α–polystable (see Definition 4.1) if and only if the following holds:
• E1 and E2 admit Hermitian metrics satisfying (4.3) and (4.4) with α = τ1 − τ2,
and
• (4.7) holds.
The Kobayashi–Hitchin correspondence is proved in [A-G, p. 182, Theorem 3.1]. We
also note that in [Ga2], the Kobayashi–Hitchin correspondence was proved under the
assumption that rkE2 = 1 with X being an arbitrary compact Ka¨hler manifold, while in
[B-G] it was proved under the assumption that dimX = 1.
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4.3. Deformation theoretic approach. All automorphisms of a stable triple
T = (E1 , E2 , φ)
are of the form λ(IdE1 ⊕ IdE2), where λ ∈ C∗. Therefore, any automorphism of a stable
triple can be extended to neighboring fibers in a holomorphic family of triples. So semi–
universal deformations are universal. In this section, we prove the unique extendibility of
solutions of the coupled vortex equations in a holomorphic family.
Theorem 4.3. Let T = (E1 , E2 , φ) be a stable triple over a compact Ka¨hler manifold
(X,ωX). Let S be a reduced complex space with a base point s0 ∈ S, and let
T = (E1 , E2 ,Φ)
be a deformation of T over (S , s0). Let h1 and h2 be Hermitian metrics on E1 and E2
respectively that solve the coupled vortex equations for T . Then there exists a neighborhood
U of s0 such that the solutions can be extended to the fibers Ts, s ∈ U , in a C∞ way.
Proof. We will use an approach, which is slightly different from the usual one involving
the action of the complexified gauge group.
Let (E, h) stand for any Hermitian holomorphic vector bundle. If σ and τ are sections,
then we write any other Hermitian metric h˜ on E in the following form:
(4.8) h˜(σ , τ) = h(ψσ , τ) ,
where ψ ∈ End(E) is a differentiable section which is self–adjoint with respect to h, that
is,
ψ∗ = ψ .
We rephrase (4.8) in local coordinates. Let {ei} be a set of local frames of E and denote
by
σ =
∑
i
σiei , τ =
∑
i
τ iei
sections of E. Then
h(σ, τ) =
∑
i,j
σihiτ
 ,
ψ(σ) =
∑
i,j
σiψ ki ek .
(Observe that for compositions of morphisms, the order of the corresponding matrix
multiplications is reversed.) For the induced connection θ = θαdz
α we have the notation
θσ = σiθ kiαekdz
α ,
where
θ = ∂h · h−1 , i.e., θ kiα = hi|α · hk .
Now (4.8) reads as
h˜i = ψ
k
i hk .
The induced connections are
θ˜ = θ + (∂ψ − [θ, ψ]) · ψ−1 = θ + (∂θψ) · ψ−1 ,
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where ∂θ is the covariant exterior derivative. (Here, in this section, we need to use the
matrix notation instead of the notations of endomorphisms, which accounts for the above
sign.)
If χ is any differentiable endomorphism of E, define χ∗ by
χ∗ki = hiℓχ
ℓ
jh
k .
The following identity for the adjoint χe∗ of χ with respect to the Hermitian structure h˜
holds
χe∗ = ψ−1χ∗ψ ,
and χ = χe∗, if and only if ψχ is self–adjoint with respect to h.
Now the curvatures are (again in terms of the holomorphic structure on E)
Ω˜ = ∂θ˜ ,
and Ω = ∂θ. We note that
(ψΩ˜)∗ = ψΩ˜ .
In order to prove Theorem 4.3 we extend a pair of Hermitian metrics (h1, h2), which
solve the coupled vortex equations for the triple T , as differentiable families of Hermitian
metrics (h1,s, h2,s)s∈S for {Ts}s∈S. Applying self–adjoint differentiable automorphisms ψ1,s
and ψ2,s respectively of E1,s and E2,s, we get Hermitian metrics h˜1,s and h˜2,s depending
differentiably upon the parameter s.
For the induced curvature forms
Ω˜j = Ωj + ∂(∂θj (ψj) · ψ−1j ) ; j = 1, 2
hold for any fixed s ∈ S.
We consider the assignments
Fs : (ψ1,s, ψ2,s) 7−→
(
ψ1,s(
√−1ΛXΩ˜1s + φsφe∗s − τ1IdE1,s) ,
ψ2,s(
√−1ΛXΩ˜2s − φe∗sφs − τ2IdE2,s) ,
∫
X
(trψ1,s + trψ2,s)g dV
)
.
(Here, we denote by ∗˜ the adjoint with respect to (h˜1,s , h˜2,s).)
The first two components of Fs(ψ1,s , ψ2,s) are self–adjoint with respect to (h1,s , h2,s).
We specify the domain of the Fs.
For sufficiently large k, and some 0 < α′ < 1, we have Banach manifolds
Ws = {(ψ1,s, ψ2,s) ∈ W k+2,α′(Aut(E1,s))⊕W k+2,α′(Aut(E2,s)) |ψ∗1,s = ψ1,s, ψ∗2,s = ψ1,s}
which give rise to a Banach manifold W together with a smooth map
π : W −→ S ,
and we have
Vs = {(η1,s, η2,s) ∈ W k,α′(End(E1,s))⊕W k,α′(End(E1,s)); η∗1,s = η1,s , η∗1,s = η2,s}
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inducing a morphism ν : V → S of Banach manifolds. (Here, we assume for simplicity
that S is smooth. However, in case of a reduced base space S we get local submersions π
and ν, and all arguments can be carried over.) The above maps Fs give rise to a diagram
(4.9) W
F
//
π
!!B
BB
BB
BB
B
V × R
ν
{{ww
ww
ww
ww
w
S .
Lemma 4.4. After restricting F to suitable neighborhoods of
(IdE1 , IdE2) ∈ W
and of (0, 0, 0) ∈ V × R respectively, the map F in (4.9) is an isomorphism of W onto
a Banach submanifold F (W ) ⊂ V × R of codimension one.
Proof. We set Ej := Ej,s0 for j = 1 , 2, and W0 := Ws0 as well as V0 := Vs0 and
otherwise drop the index s0 from now on. Let t be a complex parameter and
ψ(t) = (ψ1(t), ψ2(t)) ∈ W0
a differentiable curve with
ψ(0) = (ψ1(0), ψ2(0)) = (IdE1 , IdE2) .
We compute the derivative of F0(ψ(t)).
We have in matrix notation
φ∗ = h1φ
t
h−12 , φ
e∗ = h˜1φ
t
h˜−12 = ψ1φ
∗ψ−12 .
We return to the endomorphism notation, and get
d
dt
φe∗
∣∣∣∣
t=0
= φ∗ψ˙1 − ψ˙2φ∗,
where the dot stands for the t–derivative at t = 0. Furthermore
d
dt
√−1ΛΩ˜j
∣∣∣∣
t=0
=
d
dt
√−1Λ(Ωj + ∂(∂θj (ψj) · ψ−1j ))
∣∣∣∣
t=0
= ∂∗θj∂θj ψ˙j
since ∂θj (IdEj) = 0. Altogether the derivative
DF0 : TIdW0 −→ T0V0 ⊕ R
is given by
DF0(χ1, χ2) =(4.10)(
∂∗θ1∂θ1χ1 + φ(φ
∗χ1 − χ2φ∗) , ∂∗θ2∂θ2χ2 − (φ∗χ1 − χ2φ∗)φ ,
∫
X
(trχ1,s + trχ2,s)g dV
)
.
We will see that this map is an injection onto V 00 +R, where V
0
0 ⊂ T0V0 denotes the sum
of spaces of trace free endomorphisms.
Suppose that (χ1, χ2) is in the kernel of DF0. Then
‖∂θ1χ1‖2 + 〈φ∗χ1 − χ2φ∗, φ∗χ1〉 = 0
‖∂θ2χ2‖2 − 〈φ∗χ1 − χ2φ∗, χ2φ∗〉 = 0
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which implies that
‖∂θ1χ1‖2 + ‖∂θ2χ2‖2 + ‖φ∗χ1 − χ2φ∗‖2 = 0 .
In particular the endomorphisms χj are parallel, and self–adjoint, hence holomorphic.
Furthermore χ1φ = φχ2. So the pair
χ = (χ1 , χ2)
defines a holomorphic endomorphism of the given stable triple. Hence χ is a real multiple
of the identity. Since the third component in (4.10) equals zero, we conclude that χ must
be zero. By Hodge theory the rest follows. 
We return to the proof of Theorem 4.3. Denote by {0} × S the zero section of
π : V −→ S .
We know that F (Ws0) intersects R × {s0} × {0} transversally at the origin; here R is
considered as a subset of V0. By the above Lemma 4.4, the image F (W ) intersects
R× {s0} × {0} transversally in a differentiable section of
ν : V −→ S ,
whose pull–back under F is the desired solution. 
The deformation theoretic approach for the usual moduli space of irreducible Hermite–
Einstein connections can be found in [F-S].
4.4. Moduli spaces. As a consequence of Theorem 4.3, the moduli space of α–stable
triples exists in the category of reduced, complex spaces, which are not necessary Hausdorff.
It should be emphasized that the approach of [A-G] actually gives a construction of the
moduli space of α–stable triple as well as that of irreducible solutions of the coupled vortex
equations; we recall that in [A-G] the dimension reduction techniques are employed. More
precisely, from [A-G] it follows that a moduli space of α–stable triples on a compact Ka¨hler
manifold X is realized as an analytic subspace of a moduli space of stable vector bundles
on X×P1. Similarly, a moduli space of solutions of the coupled vortex equations on X is
realized as an analytic subspace of a moduli space irreducible solutions of the Hermite–
Einstein equation on X × P1.
Theorem 4.5. Given a compact Ka¨hler manifold X, the moduli space of objects of the
form ((E1 , h1) , (E2 , h2) , φ), where (E1 , E2 , φ) is a stable triple over X, and hi, i = 1 , 2,
are Hermitian structures on Ei satisfying the coupled vortex equations, exists.
5. Elliptic complex
Take any triple (E1, E2, φ). As before, let C
• be the complex associated to it (see (3.2)).
In order to use the theory of elliptic operators, we observe that the Dolbeault complexes
provide a resolution C•• of C•:
(5.1)
0 // EndOX (E1)⊕EndOX (E2) //
∆

A0,0(EndOX (E1)⊕EndOX (E2)) //
∆

. . .
0 // HomOX(E2, E1)
// A0,0(HomOX(E2, E1)) // . . .
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A0,i(EndOX (E1)⊕EndOX (E2)) //
∆

A0,i+1(EndOX (E1)⊕ EndOX (E2)) //
∆

. . .
A0,i(HomOX(E2, E1)) // A0,i+1(HomOX (E2, E1)) // . . .
where C0,i = A0,i(EndOX (E1)⊕EndOX (E2)) and C1,i = A0,i(HomOX(E2, E1)).
It follows immediately that ∆ ◦ ∂ = ∂ ◦∆.
Let C˜• be the complex which is constructed in the following way. Define
C˜ i := C0,i ⊕ C1,i−1
with the convention that C1,−1 = 0. The homomorphisms
(∂ , (−1)i∆) : C0,i −→ C0,i+1 ⊕ C1,i
and
(0 , ∂) : C1,i−1 −→ C0,i+1 ⊕ C1,i
together give the homomorphisms C˜ i −→ C˜ i+1 that define the complex C˜•.
We note that the cohomology of C• can be identified with the cohomology of the single
complex C˜• associated to C••.
Following the construction in [S-T] one can see that the global tensors Ωi and Φ over
X × S already describe the infinitesimal deformations. (This is in fact true for any pair
of Hermitian metrics.) In other words, we have the following lemma:
Lemma 5.1. Let
ρs0 : Ts0S −→ H1(C˜••)
be the Kodaira–Spencer mapping. Then
µi =
(
−Φ;i, (R1iβdzβ , R2iβdzβ)
)
∈ A0,0(X,HomOX (E2, E1))⊕A0,1(X,EndOX(E1)⊕ EndOX (E2))
represents the class
ρs0
(
∂
∂si
∣∣∣∣
s=s0
)
∈ H1(C˜••) .
Given Hermitian metrics hi on Ei, i = 1 , 2, together with ωX , the single complex
associated with (5.1) is elliptic.
We consider the complex
Γ(C˜•) : 0 −→ C0,0(X) d0−→ C1,0(X)⊕ C0,1(X) d1−→ C1,1(X)⊕ C0,2(X) −→ . . .
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More precisely,
Γ(C˜•) : 0 −→ A0,0(X,EndOX(E1)⊕ EndOX (E2)) d
0−→
A0,0(X,HomOX(E2, E1))⊕A0,1(X,EndOX (E1)⊕ EndOX (E2)) d
1−→
A0,1(X,HomOX (E2, E1))⊕A0,2(X,EndOX (E1)⊕EndOX (E2)) d
2−→ . . .
A0,i−1(X,HomOX (E2, E1))⊕A0,i(X,EndOX (E1)⊕ EndOX (E2)) d
i−→ . . .
A0,n−1(X,HomOX (E2, E1))⊕A0,n(X,EndOX (E1)⊕ EndOX (E2)) d
n−→
A0,n(X,HomOX (E2, E1))−→ 0
with
d0(f) = (∆f, ∂
0
f) ; f = (f1, f2)(5.2)
d1(a, b) = (∂
1
a−∆b, ∂1b) ; b = (b1, b2) .(5.3)
The following lemma is evident.
Lemma 5.2. The adjoint operators
d1∗ : C1(X) −→ C0(X)
and d2∗ : C2(X) −→ C1(X) are given by
d0∗(a, b) = (aφ∗ + ∂
∗
b1,−φ∗a+ ∂∗b2)(5.4)
d1∗(u, v) = (∂
∗
u, (−uφ∗ + ∂∗v1, φ∗u+ ∂∗v2))(5.5)
We return to the situation of Lemma 5.1.
Proposition 5.3. The forms µi are the harmonic representatives of the Kodaira–Spencer
classes ρ(∂/∂s|s0):
dµi = 0(5.6)
d∗µi = 0(5.7)
Proof. We know that dµi = 0. We refer to Lemma 5.2 for d
∗µi = 0 and use the coupled
vortex equations (4.5) and (4.6): The first component equals
(d∗µi)1 = −Φ;i · Φ∗ + ∂∗(R1iβdzβ) = −Φ;i · Φ∗ − gβαR1iβ;α = −Φ;iΦ∗ + (ΦΦ∗);i = 0 ,
and the second follows in the same way. 
6. Hermitian structure on the moduli space
In this section we will construct a vortex–moduli Hermitian metric on the moduli space
of α–stable triples. The corresponding inner product is given by a natural Hermitian
metric on the base of a universal deformation. Then it will be shown that the vortex–
moduli Hermitian metric is actually a Ka¨hler metric. The elliptic complex from Section 5
plays a key role in the construction.
Take an effective holomorphic family of holomorphic triples such that each holomorphic
triple in the family is equipped with Hermitian structures satisfying the coupled vortex
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equations. For such that family we will construct a Hermitian structure on the parameter
space in a functorial way. This construction of the Hermitian structure on a parameter
space would give a Hermitian structure on the moduli space of α–stable triples.
Let (si) be holomorphic coordinates on S around a point s0 in the sense of Section 2.
Now, we are in a position to introduce a vortex–moduli metric on the parameter space
S for a family of stable triples. The vortex–moduli metric is an inner product GVM on the
tangent spaces TsS of the bases of holomorphic families, which is positive definite for effec-
tive families, and it is defined in terms of the tensors µi representing the Kodaira–Spencer
classes. (The superscript “VM” stands for “vortex–moduli metric”.) This is possible,
also in the case where S is singular because the family of holomorphic homomorphisms
and the curvature forms for the connection on vector bundles still exist on the first order
infinitesimal neighborhood. The latter fact follows from the approach described above.
Definition 6.1. A Hermitian structure on the tangent space Ts0S is given by
GVM
(
∂
∂si
∣∣∣∣
s0
,
∂
∂s
∣∣∣∣
s0
)
:= GVMi := 〈µi, µj〉(6.1)
=
∫
X
tr(Φ;iΦ
∗
;)g dV +
∫
X
tr(gβαR1
iβ
R1α)g dV +
∫
X
tr(gβαR2
iβ
R2α)g dV .
We set
(6.2) ωVM =
√−1GVMi (s)dsi ∧ ds
and call this Hermitian structure the vortex–moduli metric.
7. Fiber integral and Quillen metric
We will use the following notion of a Ka¨hler space. Let W be a polydisk together with
a Ka¨hler form ωW , and S ⊂ W a closed reduced analytic subspace. Then all tangent
spaces TsS, s ∈ S, carry an induced Hermitian metric. If S is any reduced complex space
together with a family of Hermitian metrics on all tangent spaces TsS, s ∈ S, which is
locally of the above kind, then the induced real (1, 1)–form ωS on S is called a Ka¨hler
form. Observe that Ka¨hler forms on reduced complex spaces possess local ∂∂–potentials
of class C∞. Clearly the restriction of a Ka¨hler form on a complex space to a complex
analytic subspace is again a Ka¨hler form.
We begin with a general remark about fiber integrals. For any projection of differen-
tiable manifolds
Z ×R −→ R ,
where Z is compact of dimension m, the push forward of an (m+ k)–form χ of class C∞
is a C∞–form of degree k given as a fiber integral∫
Z
χ :=
∫
(Z×R)/R
χ .
This process of fiber integration applied to proper smooth, holomorphic maps is type
preserving in the sense that for fibers of complex dimension n the fiber integral of any
(n+k, n+ℓ)–form of class C∞ is a differentiable (k, ℓ)–form. In our case the base space S
is not necessarily smooth, but the given (n+1, n+1)–forms will be the local restrictions,
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from a smooth ambient space, of
√−1∂∂–exact C∞ forms. This will yield (1, 1)–forms
with local
√−1∂∂–potential of class C∞ in the sense described above. (For details and
generalizations see [Va].)
In place of earlier sub–indices (as in Ei), in the following proposition we use the super–
indices in order not to confuse with the sub–indices for coordinates.
Proposition 7.1. Denote by Ων the curvature form of (Eν , hν), ν = 1 , 2. Then the
following fiber integral formula for the vortex–moduli form holds
(7.1)
ωVM =
1
2
∑
ν=1,2
(∫
X
tr(Ων ∧ Ων) ∧ ω
n−1
X
(n− 1)! + τν
∫
X
trΩν
ωn
n!
)
+
√−1∂∂
∫
X
tr(ΦΦ∗)
ωnX
n!
Proof. We compute
ζ =
1
2
∑
ν=1,2
∫
X
tr(Ων ∧ Ων) ∧ ω
n−1
X
(n− 1)! = −
1
2
∑
ν=1,2
∫
X
tr(
√−1Ων ∧ √−1Ων) ∧ ω
n−1
X
(n− 1)!
=
√−1
∑
ν=1,2
∫
X
tr(Rνα · Rνiβ −Rναβ · Rνi)gβαg dV dsi ∧ ds
=
√−1
(∑
ν=1,2
∫
X
tr(Rνα · Rνiβ) +
∫
X
tr(ΦΦ∗R1i − Φ∗ΦR2i − τ1R1i − τ2R2i) g dV
)
dsi ∧ ds
by (4.5) and (4.6).
Now, on X × {s} we have
tr(Φ∗(−R1iΦ + ΦR2i)) = tr(Φ∗(Φ;i − Φ;i)) = tr(Φ∗Φ;i)
as Φ is a holomorphic section on the total space. So∫
X
tr(ΦΦ∗R1i − Φ∗ΦR2i) g dV = −
∫
X
tr(Φ;iΦ
∗) g dV
=
∫
X
tr(Φ;iΦ
∗
;) g dV −
∂2
∂si∂s
∫
X
tr(ΦΦ∗) g dV.
Furthermore ∫
X
tr(Ων)
ωn
n!
=
√−1
∫
X
tr(Rνi) g dV ds
i ∧ ds .
Combining these the proof of the proposition is complete. 
Next, we will express the above in terms of Chern character forms described as
ch(E , h) =
n∑
k=0
1
k!
tr
√−12π Ω ∧ · · · ∧
√−1
2π
Ω︸ ︷︷ ︸
k-times

with
ch2(E , h) = 1
2
(
c21(E , h)− 2c2(E , h)
)
.
In terms of Chern character forms and Chern forms Formula (7.1) reads
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1
4π2
ωVM = −
∫
X
ch2(E1 ⊕ E2, h1 ⊕ h2) ∧ ω
n−1
X
(n− 1)! +(7.2)
+
τ1
2π
∫
X
c1(E , h1) ∧ ω
n
X
n!
+
τ2
2π
∫
X
c1(E2, h2) ∧ ω
n
X
n!
+
√−1
4π2
∂∂
∫
X
tr(ΦΦ∗) ∧ ω
n
X
n!
.
From now on, till the end of this section, we assume that X is a Ka¨hler manifold whose
Ka¨hler form is the Chern form
ωX = c1(L , hL)
of a positive Hermitian line bundle (L , hL), in particular, X is a complex projective
manifold.
Given a proper, smooth holomorphic map
f : X −→ S
and a locally free sheaf F on X , the determinant line bundle of F on S is by definition
detRf∗F [K-M, B-G-S].
The generalized Riemann–Roch theorem by Bismut, Gillet and Soule´ [B-G-S] applies
to Hermitian vector bundles (F , h) on X . It states that the determinant line bundle of
F on S carries a Quillen metric, whose Chern form equals the fiber integral∫
X/S
ch(F , h)td(X /S, ωX ) ,
where ch(F , h) and td(X /S, ωX ) denote respectively the Chern character form for (F , h)
and the Todd character form for the relative tangent bundle; see [B-G-S, Theorem 0.1],
and also [Z-T] for dimX = 1.
Let E stand for one of the Hermitian vector bundles E1 or E2. Let h denote the Hermitian
metric on E . We first mention
(7.3) ch(End(E)) = r2 + 2rch2(E)− c21(E) + . . .
where r is the rank of E , so that for the virtual bundle End(E)−Or2 the identity
ch(End(E)−Or2) = 2rch2(E)2 − c21(E) + . . .
holds.
Now
ch
(
(End(E), h)⊗ ((L, hL)− (L−1, h−1L ))⊗(n−1))
= ch2 (End(E), h) · 2n−1ωn−1X + . . .
=
(
2r
(
1
2
tr
(√−1
2π
Ω ∧
√−1
2π
Ω
))
−
(
tr
√−1
2π
Ω
)2)
2n−1ωn−1X + . . .
= 2n−1
(
r · tr
(√−1
2π
Ω ∧
√−1
2π
Ω
)
−
(
tr
√−1
2π
Ω
)2)
ωn−1X + . . .
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The highest exterior power ΛrE carries the induced Hermitian metric ĥ, for which the
following identity holds:
ch
(((
ΛrE , ĥ
)
− (ΛrE , ĥ)−1
)⊗2
· ((L, hL)− (L−1, h−1))⊗(n−1))
= 2n+1c21(E , h) · (L, hL)n−1 + . . .
= 2n+1c21(E , h) · ωn−1X + . . .
= 2n+1
(
tr
√−1
2π
Ω
)2
ωn−1X + . . .
Hence we have the following theorem:
Theorem 7.2. The vortex–moduli metric defined in (6.2) has the following expression:
1
4π2
ωVM =∑
ν=1,2
(
− 1
2nrν(n− 1)!
∫
ch
(
End(Eν)⊗ (L − L−1)⊗(n−1)
)
− 1
2n+2rν(n− 1)!
∫
ch
(
(ΛrνEν − (ΛrνEν)−1)⊗2 ⊗ (L − L−1)⊗(n−1)
)
+
λ
2π
1
2nn!
∫
ch
((
ΛrνEν − (ΛrνEν)−1
)⊗ (L − L−1)⊗n))
+
1
4π2
√−1∂∂
∫
tr(Φ ∧ Φ∗) ∧ ω
n
X
n!
.
Using Theorem 7.2, we will express the vortex–moduli Ka¨hler form as the curvature
form of a holomorphic Hermitian line bundle.
Let
q : X × S −→ S
be the canonical projection, where S stands for the base space of a universal deformation
of a stable triple with solution of the coupled vortex equations. Since our construction is
functorial, the construction descends to the moduli spaceM (after taking suitable powers
of the line bundles on the base).
We introduce the following determinant line bundles δjν where j = 1 , 2 , 3 and ν =
1 , 2, equipped with Quillen metrics hQj :
δ1ν = detRq∗
(
End(Eν)⊗ (L − L−1)⊗(n−1)
)
δ2ν = detRq∗
((
ΛrνEν − (λrνEν)−1
)⊗2 ⊗ (L − L−1)⊗(n−1))
δ3ν = detRq∗
((
ΛrνEν − (λrνEν)−1
)⊗ (L− L−1)⊗n) .
Setting
χ =
∫
tr(Φ ∧ Φ∗) ∧ ω
n
X
n!
we equip the trivial bundle OMH with the Hermitian metric eχ.
Combining Theorem 7.2 and [B-G-S, Theorem 0.1] we have the following theorem:
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Theorem 7.3. The vortex–moduli Ka¨hler form is a linear combination of the (1, 1)–forms
c1(δjν, h
Q
jν), j = 1 , 2 , 3, ν = 1 , 2, and c1(OMH , eχ). For rational τν , a multiple of the
vortex–moduli form is equal to the Chern form of an Hermitian line bundle.
We note that this vortex–moduli Ka¨hler metric coincides with the one constructed in
[A-G] and [Ga2], where the moduli spaces of triples and pairs respectively have been
constructed as Ka¨hler quotients.
8. Curvature of the vortex–moduli metric
In this section X will be a compact Ka¨hler manifold.
We begin by establishing a collection of identities for the harmonic Kodaira–Spencer
tensors
µi ∈ A0,0(X,HomOX (E2, E1))⊕A0,1(X,EndOX (E1)⊕EndOX (E2)) .
In particular, we need to understand covariant derivatives with respect to the base direc-
tions.
The symmetry
(8.1) µi;k = µk;i
follows immediately from the definition.
We set Riβ = (R
1
iβ
, R2
iβ
) et cetera. We compute the components of dµi;k: Because of
Φ;ikβ = Φ;iβk − R1kβΦ;i + ΦR2kβ = (Φ;βi − R1iβ +R2kβ)k −R1kβΦ;i + ΦR2kβ
we have
(dµi;k)1 = (−Φ;ikβ − R1i;kΦ + ΦR2iβ;k)dzβ = (R1iβΦ;k − Φ;kR2iβ +R1kβΦ;i − Φ;iR2kβ)dzβ .
Furthermore, from the identity
R1
iβ;kδ
= R1
iβ;δk
− [R1
kδ
, R1
iδ
]
it follows that
(d(µi;k))2
= −(R1
iβ;kδ
dzβ ∧ dzδ , R2
iβ;kδ
dzβ ∧ dzδ) = −([R1
kδ
, R1
iδ
] dzβ ∧ dzδ, [R1
kδ
, R2
iδ
] dzβ ∧ dzδ) .
The last term equals
([R1
iβ
dzβ , R1
kδ
dzδ] , [R2
iβ
dzβ , R2
kδ
dzδ]) ,
(involving a symmetric product of one–forms with values in an endomorphism bundle).
Now we can introduce an exterior product on C˜•, in particular, we define a symmetric
exterior product C˜1 × C˜1 −→ C˜2:
(8.2)
[µi∧µk] :=
(
−Φ;iR2kβ +R1kβΦ;i +R1iβΦ;k − Φ;kR2iβ , ([R1iβdzβ , R1kδdzδ], [R2iβdzβ, R2kδdzδ])
)
,
where µi = (−Φ;i, (R1iβdzβ , R2iβdzβ)) and µk = (−Φ;k, (R1kδdzδ , R2iδdzδ)).
Now
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(8.3) d(µi;k) + [µi ∧ µk] = 0 .
Next we compute
d∗(µi;k) = (−Φ;ikΦ∗ − R1iβ;kαgβα ,Φ∗Φ;ik −R2iβ;kαgβα).
Because of the coupled vortex equations (4.5) and (4.6) we get
(8.4) d∗(µi;k) = 0 .
We note that
µi; = (−Φ;i , (R1iβ;dzβ, R2iβ;dzβ)) .
Because of
Φ;i = Φ;i −R1iΦ− ΦR2i = −∆Ri
we have
µi; = (∆Ri, ∂Ri) ,
which means that
(8.5) µi; = dRi,
where the tensor Ri is considered as a section of C˜
0.
We can use Hodge theory on the complex C˜•. So
d∗(µi;) = d
∗dRi = Ri .
For any section f = (f1 , f2) of C˜
0, we compute
d∗df = d∗(∆f , ∂f) = ((∆f)Φ∗ + ∂
∗
∂f1 ,−Φ∗∆f + ∂∗∂f2)
= (f1ΦΦ
∗ − Φf2Φ∗ − gβαf1;βα ,−Φ∗f1Φ + Φ∗Φf2 − gβαf2,βα) .
We apply the formula for f = Ri. It involves (again by (4.5) and (4.6))
gβαR1
i;βα
= gβα(R1
iβ;α
+ [R1α, R
1
iβ
]) = −(ΦΦ∗)i + gβα[R1α, R1iβ]
= −Φ;iΦ∗; − (Φj − R1iΦ + ΦR2i)Φ∗ + gβα[R1α, R1iβ]
so that
(d∗dRi)1 = Φ;iΦ
∗
 − gβα[R1α, R1iβ].
In a similar way
(d∗dRi)2 = −Φ∗Φ;i − gβα[R2α, R2iβ] .
There is a natural (pointwise) inner product
C˜1 × C˜1 −→ C˜0 .
defined for sections (a , b) = (a , (b1βdz
β , b2βdz
β)) and (a′ , b′) = (a′ , (b′1 , b
′
2)) of
A0,0(Hom(E2, E1))⊕A0,1(End(E1)⊕End(E2))
by
(8.6) (a , b) · (a′ , b′) := (aa′∗ + gβα[b1β , b
′∗
1α] ,−a′∗a+ gβα[b2β , b
′∗
2α] .
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Then the equality
(8.7) d∗dRi = µi · µ∗
holds.
Now, we are in a position to compute the curvature tensor of the vortex–moduli metric.
We refer to Definition 6.1 for the metric tensor GVMi .
First, we compute first partial derivatives of the metric tensor.
We claim
(8.8) GVMi|k (s) =
∫
X×{s}
tr(µi;kµ
∗
 )g dV
Proof. We have ∫
tr(µiµ
∗
;k)g dV = 〈µi , dRjk〉 = 〈d∗µi , Rj,k〉 = 0
because of (5.7) and (8.5). 
At a given point s0 ∈ S we introduce holomorphic normal coordinates of the second
kind, which means that the Ka¨hler form coincides with the constant one in terms of the
coordinate chart, up to order two at s0, or equivalently, the partial derivatives of the local
expression of the Hermitian metric vanish at s0. From (8.8) it follows that this condition
is equivalent to the condition that the harmonic projections of all µi;k vanish (at s0):
(8.9) H(µi;k(s0)) = 0 .
We denote by G the (abstract) Green’s operator. Then (8.9) and (8.4) imply that, for
s = s0,
µi;k = Gd
∗dµi;k = d
∗Gdµi;k .
Together with (8.3) we get
(8.10) µi;k(s0) = −d∗G[µi ∧ µk] .
Now (in terms of normal coordinates)
−RVM
ikℓ
= GVM
i|kℓ
=
∫
tr(µi;kℓ · µ∗ ) g dV +
∫
tr(µi;k · µ∗;ℓ) g dV .
According to (8.10) the second integral equals∫
tr
(
G([µi ∧ µk]) · [µ∗ ∧ µ∗ℓ ]
)
g dV.
We compute the first integral: It equals∫
tr(Φ;ikℓ · Φ∗ ) g dV +
∑
ν=1,2
∫
tr(Rν
iβ;kℓ
Rνα) g dV .
Therefore, we have
I = I0 + I1 + I2 ,
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where
I :=
∫
tr(µi;kℓ · µ∗ ) g dV , I0 :=
∫
tr(Φ;ikℓ · Φ∗ ) g dV
and
Ii :=
∑
ν=1,2
∫
tr(Rν
iβ;kℓ
Rνα) g dV ,
where i = 1 , 2.
Now with convention (2.1)
Φ;ikℓ = (Φ;ℓi − [Riℓ ,Φ]);k − [Rkℓ ,Φ;i]
so that
I0 = −
∫
tr
(
([Riℓ ,Φ;k] + [Rkℓ ,Φ;i] + [Riℓ;k ,Φ])Φ
∗
;
)
g dV.
Next,
Rν
iβ;kℓ
= Rν
iℓ;kβ
+ [Rν
kβ
, Rν
iℓ
] + [Rν
iβ
, Rν
kℓ
] ; ν = 1 , 2
We compute the contributions of Rν
iℓ;kβ
to the integrals Iν ; ν = 1 , 2 and get
−
∑
ν=1,2
∫
tr(gβαRν
αβ;
Rν
iℓ;k
) g dV =
∫
tr(ΦΦ∗;R
1
iℓ;k
− Φ∗;ΦR2iℓ;k) g dV.
These cancel out together with corresponding terms of I0. Hence
I = −
∫
tr
(
R1
iℓ
(−Φ;kΦ∗; + gβα[R1α, R1kβ]) +R2iℓ(Φ∗;Φ;k + gβα[R2α, R2kβ])
)
g dV
−
∫
tr
(
R1
kℓ
(−Φ;iΦ∗; + gβα[R1α, R1iβ]) +R2kℓ(Φ∗;Φ;i + gβα[R2α, R2iβ ])
)
g dV.
By (8.7) these terms read
I =
∫
tr(Rk · Riℓ) g dV +
∫
tr(Ri · Rkℓ) g dV
where again Rk = (R
1
k , R
2
k). Since our aim is an expression in terms of the harmonic
Kodaira–Spencer tensors, again we use the Green’s operator (which is here the inverse

−1
0 of the Laplacian, restricted to the space of differentiable endomorphisms such that
the mean trace vanishes). So
I = −
∫
tr
(
(µi · µ∗ )G(µk · µ∗ℓ)
)
g dV −
∫
tr
(
(µk · µ∗ )G(µi · µ∗ℓ)
)
g dV .
We observe that the result of our curvature computation is independent of the choice of
normal coordinates.
Theorem 8.1. The curvature tensor of the vortex–moduli metric on the moduli space of
solutions of the coupled vortex equations equals
RVM
ikℓ
(s) = −
∫
X×{s}
tr
(
[µi ∧ µk] ·G[µ∗ ∧ µ∗ℓ ]
)
g dV
+
∫
X×{s}
tr
(
(µi · µ∗ )G(µk · µ∗ℓ)
)
g dV +
∫
X×{s}
tr
(
(µk · µ∗ )G(µi · µ∗ℓ)
)
g dV(8.11)
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If dimCX = 1, then only the second term in the expression ofR
VM
ikℓ
(s) given in Theorem
8.1 is present.
Therefore, Theorem 8.1 has the following corollary:
Corollary 8.2. The vortex–moduli metric on any moduli space of stable triples over a
compact Riemann surface has semi–positive holomorphic bisectional curvature.
Finally, we note that, if the results [S-T] can be generalized to stable pairs, then the
methods of [A-G] and [Ga2] would give an alternative approach to the computation of
the curvature of the vortex–moduli metric.
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